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Abstract 

We study the set M(X) of full non-atomic Borel (finite or infinite) mea- 
sures on a non-compact locally compact Cantor set X. For an infinite mea- 
sure [i £ M(X), the set OJt^ = {x £ X : for any compact open set U 3 
x we have fi(U) = oo} is called defective. We call \i non-defective if jn(OJt^) = 0. 
The class M°(X) c M(X) consists of probability measures and infinite non- 
defective measures. We classify measures fi from M (X) with respect to a 
homeomorphism. The notions of goodness and compact open values set S(fi) 
are defined. A criterion when two good measures from M (X) are homeo- 
morphic is given. For any group-like D C [0, 1) we find a good probability 
measure /ionI such that S(/j.) = D. For any group-like D C [0, oo) and any 
locally compact, zero-dimensional, metric space A we find a good non-defective 
measure /i on X such that S(fi) — D and DJl^ is homeomorphic to A. We 
consider compactifications cX of X and give a criterion when a good measure 
,u £ M°(X) can be extended to a good measure on cX. 

1 Introduction 

The problem of classification of Borel finite or infinite measures on topological spaces 
has a long history. Two measures fi and v defined on Borel subsets of a topological 
space X are called homeomorphic if there exists a self-homeomorphism h of X 
such that jj, = v o h, i.e. fJ-(E) = v(h(E)) for every Borel subset E of X. The 
topological properties of the space X are important for the classification of measures 
up to a homeomorphism. For instance, Oxtoby and Ulam [15J gave a criterion for a 
Borel probability measure on the finite-dimensional cube to be homeomorphic to the 
Lebesgue measure. Similar results were obtained for various manifolds (see (HE]). 

A Cantor set (or Cantor space) is a non-empty zero-dimensional compact perfect 
metric space. For Cantor sets the situation is much more difficult than for connected 
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spaces. During the last decade, in the papers [31 EJ El QUI HE] the Borel probability 
measures on Cantor sets were studied. In [13], infinite Borel measures on Cantor 
sets were considered. For many applications in dynamical systems the state space is 
only locally compact. In this paper, we study Borel both finite and infinite measures 
on non-compact locally compact Cantor sets. 

It is possible to construct uncountably many full (the measure of every non-empty 
open set is positive) non-atomic measures on the Cantor set X which are pairwise 
non-homeomorphic (see pQ). This fact is due to the existence of a countable base 
of clopen subsets of a Cantor set. The clopen values set S(fi) is the set of finite 
values of a measure [i on all clopen subsets of X. This set provides an invariant for 
homeomorphic measures, although it is not a complete invariant. 

For the class of the so called good probability measures, S(fi) is a complete 
invariant. By definition, a full non-atomic probability or non-defective measure [i is 
good if whenever U, V are clopen sets with fJ,(U) < [J>(V), there exists a clopen subset 
W of V such that fi(W) = fJ>{U) (see [21 [13]). Good probability measures are exactly 
invariant measures of uniquely ergodic minimal homeomorphisms of Cantor sets (see 
[2], P2])- For an infinite Borel measure \i on a Cantor set X, denote by 9H M the set 
of all points in X whose clopen neighbourhoods have only infinite measures. The 
full non-atomic infinite measures [i such that ^(971^) = are called non-defective. 
These measures arise as ergodic invariant measures for homeomorphisms of a Cantor 
set and the theory of good probability measures can be extended to the case of non- 
defective measures (see [33]). 

In Section 2, we define a good probability measure and a good non-defective 
measure on a non-compact locally compact Cantor set X and extend the results 
concerning good measures on Cantor sets to non-compact locally compact Cantor 
sets. For a Borel measure /x on X, the set S(fi) is defined as a set of all finite 
values of [i on the compact open sets. The defective set 50T M is the set of all points 
x in X such that every compact open neighbourhood of x has infinite measure. 
We prove the criterion when two good measures on non-compact locally compact 
Cantor sets are homeomorphic. For every group-like subset D C [0, 1) we find 
a good probability measure \i on a non-compact locally compact Cantor set such 
that S(fj) = D. For every group-like subset D C [0, oo) and any locally compact, 
zero-dimensional, metric space A (including A = 0) we find a good non-defective 
measure \x on a non-compact locally compact Cantor set such that S(n) = D and 
9JT M is homeomorphic to A. 

In Section 3, compactifications of non-compact locally compact Cantor sets are 
studied. We investigate whether compactification can be used to classify measures 
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on non-compact locally compact Cantor sets. We consider only the compactifi- 
cations which are Cantor sets and extend measure fj, by giving the remainder of 
compactification a zero measure. It turns out that in some cases good measure can 
be extended to a good measure on a Cantor set, while in other cases the extension 
always produces a measure which is not good. The extensions of a non-good mea- 
sure are always non-good. After compactification of a non-compact locally compact 
Cantor set, new compact open sets are obtained. We study how the compact open 
values set changes. Based on this study, we give a criterion when a good measure 
on a non-compact locally compact Cantor set stays good after the compactification. 

Section 4 illustrates the results of Sections 2 and 3 with the examples. For in- 
stance, the Haar measure on the set of p-adic numbers and the invariant measure for 
(C, i ? )-construction are good. We give examples of good ergodic invariant measures 
on the generating open dense subset of a path space of stationary Bratteli diagrams 
such that any compactification gives a non-good measure. 

2 Measures on locally compact Cantor sets 

Let X be a non-compact locally compact metrizable space with no isolated points 
and with a (countable) basis of compact and open sets. Hence X is totally dis- 
connected. The set X is called a non-compact locally compact Cantor set. Every 
two non-compact locally compact Cantor sets are homeomorphic (see [9]). Take a 
countable family of compact open subsets O n C X such that X = U^=i O n . Denote 
X\ = 0\, X2 = O2 \ Oi, X3 = O3 \ (Oi U O2),... The subsets X n are compact, 
open, pairwise disjoint and X = U^Li X n . Since X is non-compact, we may assume 
without loss in generality that all X n are nonempty. Since X has no isolated points, 
every X n has the same property. Thus, we represent X as a disjoint union of a 
countable family of compact Cantor sets X n . 

Recall that a Borel measure on a locally compact Cantor space is called full if 
every non-empty open set has a positive measure. It is easy to see that for a non- 
atomic measure \x the support of \x in the induced topology is a locally compact 
Cantor set. We can consider measures on their supports to obtain full measures. 
Denote by M(X) the set of full non-atomic Borel measures on X. Then M{X) = 
M f (X) U Moo(X), where M f (X) = {fi € M(X) : p(X) < 00} and M^X) = 
{/i € M(X) : fji(X) = 00}. For a measure \i 6 M OQ (X), denote = {x £ 
X : for any compact and open set U 3 x we have fJ,(U) = 00}. It will be shown 
that is a Borel set. Denote by M^(X) = {/x G M^X) : n(Wl^) = 0}. Let 
M°(X) = Mf(X) U M^,(X). Throughout the paper we will consider only measures 
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from M°(X). We normalize the measures from Mf(X) so that n{X) = 1 for any 
l*€M f (X). 

Recall that n G M°(X) is locally finite if every point of X has a neighbourhood 
of finite measure. The properties of measures from the class M°(X) are collected in 
the following proposition. 

Proposition 2.1. Let /x G M°(X). Then 

(1) The measure (i is locally finite if and only if Wl^ = 0, 

(2) The set X\M^ is open. The set Wi^ is F a . 

(3) For any compact open set U with fi(U) = oo and any a > there exists a 
compact open subset V C U such that a < //(V) < oo. 

(4) The set Wl^ is nowhere dense. 

(5) X = USi ^U^/i; where each Vi is a compact open set of finite measure and 
SDT^ is a nowhere dense F a and has zero measure. The measure \i is a -finite. 

(6) \i is uniquely determined by its values on the algebra of compact open sets. 

Proof. (1) The condition Wl^ = means that every point x G X has a compact 
open neighbourhood of finite measure. Hence \i is locally finite and vise versa. 

(2) We have X \ Wl^ = {x G X : there exists a compact open set U x 3 
x such that fi(U x ) < oo}. Then for every point \ 5DT M we have U x C X \ 95t M . 
Hence X \ 9Jt M is open. Therefore, for every n G N the set X n \ Wl^ is open and 
X n n ajt^ is closed. Then 9Jt M = □ ngN (X n n 9Jt M ) is F a set. 

(3) Let U be a non-empty compact open subset of X such that (jl(U) = oo. 
Since \i G M°(X), we have n(U) = fi(U \ Since U is open, the set U \ Wl^ = 
U fl (X \ 9Jt M ) is open. There are only countably many compact open subsets in 
X, hence the open set U \ Wl^ can be represented as a disjoint union of compact 
open subsets {?7i}i e N of finite measure. We have /J-{U) = J2i^o M^i) = °°-> hence for 
every a G E there is a compact open subset V = Ll^o ^* sucn a — m(^) < °°- 

(4) Let U be a compact open subset of X. It suffices to show that there exists a 
non-empty compact open subset V C U such that F fl Wl^ = 0. If fJ>(U) < oo then 
?7 n Wl^ = 0. Otherwise, by (3), there exists a compact open subset V C U such 
that < n(V) < oo. Obviously, V n Wl^ = 0. 

(5) follows from the proof of (3). 

(6) follows from (5). ■ 

For a measure n G M (X) define the compact open values set as the set of all 
finite values of the measure fj, on the compact open sets: 

S(/j.) = {n{U) : U is compact open in X and n(U) < oo}. 
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For each measure \i € M°(A), the set S(/j,) is a countable dense subset of the interval 
[0, /x(A)). Indeed, the set S(fi) is dense in [0,//(V)] for every compact open set V 
of finite measure (see [1]). By Proposition 12. 1\ S(fi) is dense in [0,/j,(X)). 

Let X\, X2 be two non-compact locally compact Cantor sets. It is said that 
measures fi\ G M{X\) and H2 € M(X%) are homeomorphic if there exists a homeo- 
morphism h: X\ — > X2 such that H\(E) = /j,2(h(E)) for every Borel subset E C X±. 
Clearly, S(fj,\) = S(n2) for any homeomorphic measures [i\ and ^2. We call two 
Borel infinite measures \i\ € M^(Ai) and ^2 £ ^^(^2) weakly homeomorphic 
if there exists a homeomorphism /i: Xi — > X2 and a constant C > such that 
= Cn 2 (h{E)) for every Borel subset £ C X x . Then SfjUi) = CS^)- 

Let D be a dense countable subset of the interval [0, a) where a € (0, 00]. Then 
D is called group-like if there exists an additive subgroup G of R such that D = 
G n [0, a). It is easy to see that D is group-like if and only if for any a, /3 £ D such 
that a < we have (3 — a & D (see [2 EE]). 

Definition 2.2. Let X be a locally compact Cantor space (either compact or non- 
compact) and n G M (X). A compact open subset V of X is called good for /i (or 
just good when the measure is understood) if for every compact open subset U of 
X with (J,(U) < fJ,{V), there exists a compact open set W such that W C V and 
^i(iy) = [J,(U). A measure is called good if every compact open subset of X is 
good for \i. 

If /x G M (X) is a good measure and € M°(X) is (weakly) homeomorphic to 
fi then, obviously, ^ is good. It is easy to see that in the case of compact Cantor set 
the definition of a good measure coincides with the one given in [2]- For a compact 
open subset U C X let n\u be the restriction of the measure \i to the Cantor space 
U. Then the set U is good if and only if S(fi\u) = SVU) n [0, /^(?7)]. Denote by 
Hn(X) the group of all homeomorphisms of a space X preserving the measure \x. 
The action of H^(X) on X is called transitive if for every xi,X2 £ X there exists 
/i G Hn(X) such that h(x\) = %•},■ The action is called topologically transitive if there 
exists a dense orbit, i.e. there is x G A such that the set O(x) = {/i(x) : /i € i^(A)} 
is dense in A. 

We extend naturally the notion of partition basis introduced in [3]. A partition 
basis B for a non-compact locally compact Cantor set A is a collection of compact 
open subsets of A such that every non-empty compact open subset of A can be 
partitioned by elements of B. 

The properties of good measures on non-compact locally compact Cantor sets 
are gathered in the following proposition. The proofs for the measures on compact 
Cantor spaces can be found in [21 H3] . 
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Proposition 2.3. Let X be a locally compact Cantor space (either compact or non- 
compact). Let fi G M°(X). Then 

(a) If /x is good and C > then C/x is good and S(Cfx) = CS(fi). 

(b) If fx is good and U is a non-empty compact open subset of X then the measure 
fj,\u is good and S(li\u) = S(fx) Pi [0,fx(U)]. 

(c) /x is good if and only if every compact open subset of finite measure is good. 

(d) \x is good if and only if for every non-empty compact open subset U of finite 
measure, the measure /x\u is good. 

(e) If fx is good then S(fx) is group-like. 

(f) If a compact open set U admits a partition by good compact open subsets then 
U is good. 

(g) The measure /x is good if and only if there exists a partition basis B consisting 
of compact open sets which are good for \x. 

(h) If fi is good, then the group H^{X) acts transitively on X\9Jt ll . In particular, 
the group H^X) acts topologically transitively on X. 

(i) If fx is a good measure on X and v is the counting measure on {1,2, ...,n} 
then fx x v is a good measure on X x {1, 2, n}. 

Proof, (a), (b) are clear. 

(c) Suppose that every compact open subset of finite measure is good. Let 
V be any compact open set with fx{V) = oo and U be a compact open set with 
fi(U) < oo. By Proposition 12.11 there exists a compact open subset W C V such 
that fx{U) < niW) < oo. By assumption, W is good. Hence there exists a compact 
open set W\ C W with fi(Wi) = n(U) and V is good. 

(d) Suppose that for every non-empty compact open subset U of finite measure, 
the measure fj,\u is good. We prove that every compact open subset of finite measure 
is good, then use (c). Let U, V be compact open sets with < f-t(U) < fJ>(V) < oo. 
Set W = U U V. Then W is a compact open set of finite measure. Since is 
good, there exists W\ C V such that /u(Wi) = fJ>(U). 

(e) If n is good then for any a,/3 £ S(fi) such that /3— a > 0, we have f3— a £ S(fi). 
Hence S(fx) is group-like. 

(f) See (3j for the case of finite measure and [13] for infinite measure. 

(g) If there exists a partition basis B consisting of compact open sets which are 
good for fx, then, by (f), every compact open set is good. 

(h) For any x,y € X \ Wl^ there exists a compact open set U of finite measure 
such that x,y E U. By (d), the measure /x\u is a good finite measure on a Cantor 
space U. By Theorem 2.13 in [2], there exists a homeomorphism h: U — > U which 
preserves fx and h(x) = y. Define h\ E H^(X) to be h on U and the identity on 
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X \ U. For every x £ X \ Wi^ we have 0(x) = X \ Wl^. By Proposition 12.11 the set 
X \ OJt^ is dense in X. Hence H fl (X) acts topologically transitively on X. 

(i) The rectangular compact open sets U x {z}, where U is compact open in X 
and z G {1, 2, re}, form a partition basis for lx{l,2,..,,n}. Since fj,xv(U x {z}) = 
/i(C7), these sets are good. The measure // is good by (g). ■ 

For G an additive subgroup of R we call a positive real number 5 a divisor of G if 
5G = G. The set of all divisors of G is called Div{G). By a full measure on a discrete 
countable topological space Y we mean a measure v such that < v{{y}) < oo for 
every y G Y. We will use the following theorem for Y = Z, but the proof stays 
correct for any discrete countable topological space Y. 

Theorem 2.4. Lei \i be a good measure on a non-compact locally compact Cantor 
space X . Let v be a full measure on Z, where Z is endowed with discrete topology. 
Let G be an additive subgroup o/R generated by S(/i). Then fix v is good on X xZ 
if and only if there exists C > such that G C ■ Div(G) for every i G Z. 

Proof. Lets prove the "if" part. Suppose [i is good on X and G C ■ Div{G) 

for some C > and every i G Z. By Proposition 12.31 (g), it suffices to prove that 
a compact open set of the form U x {i} is good for any compact open U C X and 
any i G Z. Thus, it suffices to show that x v\ux{i}) = x ^|xxz) n [0,/j x 
i/(C7 x {%})]. The inclusion x C S^/U x v\xxz) n [0,/i X z/(C7 x {f})] is 

always true, hence we need to prove the inverse inclusion. We have S(fi x v\ux{i}) = 
u({i})S(fi\u) = C5S(fj,\u) for some S G Div(G). Since /x is good on X, we obtain 
S(fi\u) = G n [0, //([/)]. Hence S(> x ^c/x{i}) = CGn [0, C5fi(U)] =CGn[0,/ix 
z^(C7 x {£})]. Note that C5fi(U) G GG because 5 G Div(G). Therefore, it suffices to 
prove that S(fi x z^|xxz) C CG. The set S(fi x u\xxz) consists of all finite sums 
J2i j ; A*(^i)^({i})) where each [7j is a compact open set in X and j G Z. We have 
Eij KUMVY) = Eij KUi)C6j C GG, here € £>*u(G). Hence S(fi x D 
S(n x z^|xxz) n [0, fx x i/(C7 x {«})] and U x {i} is good. 

Now we prove the "only if part". Suppose that \x x v is good on X x Z. Then for 
any i G Z we have 5(// x ^jxx{«}) = S(p x ^|xxz) H [0,fj X v(X x {i})]. Note that 
S(fi x ^jxx{«} = u {{i})^(f Jl \x)- Denote by G the additive subgroup of R generated 
by S(fi x iy| XxZ ). Let a = v{{i}). Then qG = G. Let j G Z and /3 = ^({i}). By 
the same arguments, we have /3G = G. Then % G Div(G). Indeed, jjG = -^G = G. 
Hence a = (35, where 5 G Div(G). Set G = Then for every i G Z we have 

= G5i where $ = ^ G Dw(G). ■ 

Theorem 2.5. Lei X, Y be non-compact locally compact Cantor sets. If fi G 
M°(X), v G M°(Y) are good measures, then the product /j, x v is a good measure 
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on X x Y and 

S(ji x u) = j^Qi -ft : on G 5(/i), A G 5(i/),JV G n| n [0,/x(X) x 

Proof. Let X = |Jm=l Xn and Y = |J^i ^, where each X n , Y n is a Cantor set. 
Then 1x7 = |_|m,n=l x ™ x *n and p x i/|x mX y„ = m|x„ x i/|y n . Since /i|x n and i/|y B 
are good finite or non-defective measures on a Cantor set, the measure \i x v\x m xY n 
is good by Theorem 2.8 ([3]), Theorem 2.10 ([13]). By Proposition 12.31 fi x v is good 
on X x y. ■ 

Theorem 2.6. Xei X, Y be non-compact locally compact Cantor spaces. Let fj, G 
M (X) and v G M°(Y) be good measures. Let S(fj,) = S(u). Let 9JT be the defective 
set for /j, and 91 be the defective set for v. Assume that there is a homeomorphism 
h : 9Jt — > 91 where the sets 9Jt and 9t are endowed with the induced topologies. Then 
there exists a homeomorphism h: X — > Y which extends h such that fj, = v o h. 

Conversely, if fj, G M°(X) and v G M°(Y) are good homeomorphic measures 
then S(fx) = S(u) and there is a homeomorphism h: 9Jt — > CTl. 

Proof. The second part of the Theorem is clear. We prove the first part. Let 
X = |J£i Xi and Y = |_l^=i Y j where Xj, Yj are compact Cantor spaces. 

First, consider the case when 97t = 9t = 0, i.e. the measures [/,, v are either finite 
of infinite locally finite measures. Since S[p) = S(u), we have n{X{) G S(y). There 
exists n G N such that u(\J]=l Y j) < K x l) < "(\Jj=i Y j)- 

Since S(u) is group-like, 

we see that li(X\) — ^(|Jj=i Y j) G S(u). Since v is good, there exists a compact open 
subset W C Y n such that v{W) = n{X x ) - i/fljpf Y j)- Hence z = U]Zl Y j U W 
is a compact Cantor set and n(X\) = v{Z). By Theorem 2.9 ([2]), there exists a 
homeomorphism /ii : Xi — > Z such that /u|xi = v\z ° Set h\x x = h\. Consider 
(y n \ W) U^=n+i instead of Y and |_l°^ 2 ^ instead of X. Reverse the roles of 
X and y. Proceed in the same way using Y n \W instead of X\. Thus, we obtain 
countably many homeomorphisms {hi}^ 1 . Given x G X, set h(x) = h; L (x) for the 
corresponding h{. Then h: X — > Y is a homeomorphism which maps fj, into v. 

Now, let 97? 7^ 0. If //(Xi) < oo, we proceed as in the previous case. If //(Xi) = oo 
then Xi n Sdt ^ 0. Then /i(Xi n 971) is a compact open subset of 91 in the induced 
topology. Hence there exists a compact open set W C Y such that W n 91 = 
/i(Xi n 971). Then, by Theorem 2.11 ([13J), the sets Xi and W are homeomorphic 
via measure preserving homeomorphism h\ and h\\x x rm = h. Since W is compact, 
there exists X such that W C |_|r^=i Y n- Reverse the roles of X and Y and consider 
Un=i Y n\W instead of X\. ■ 

The corollary for weakly homeomorphic measures follows: 
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Corollary 2.7. Let fi G M^(X) and v G M^(y) 6e goo<i infinite measures on 
non-compact locally compact Cantor sets X and Y. Let SPT be the defective set for \i 
and 91 be the defective set for v. Then fi is weakly homeomorphic to v if and only 
if the following conditions hold: 

(1) There exists c > such that S(fi) = cS{v), 

(2) There exists a homeomorphism h: 9It — > 91 where the sets 9J1 and 91 are 
endowed with the induced topologies. 

Remark 1. Let /x G M^(X) be a good measure on a non-compact locally compact 
Cantor set X and V be any compact open subset of X with fJ,(V) < oo. Then /i on 
X is homeomorphic to on X\V. Let S^/u) = Gn [0, oo). Then \x is homeomorphic 
to cfi if and only if c G Div(G). 

Corollary 2.8. Let fi be a good finite or non-defective measure on a non-compact 
locally compact Cantor set X . Let U , V be two compact open subsets of X such that 
/i(C7) = viy) < oo. Then there is h G H^{X) such that h(U) = V . 

Proof. Set Y = U U V . Then Y is a Cantor set with fi(Y) < oo. By Proposition 
2.11 in [2], there exists a self-homeomorphism h of Y such that h(U) = V and h 
preserves fi. Set h to be identity on X \ Y. ■ 

Corollary 2.9. Let \x and v be good non-defective measures on non-compact locally 
compact Cantor sets X and Y . Let 9Jt be the defective set for \x and 91 be the 
defective set for v . If there exist compact open sets U C X and V C Y such that 
n(U) = v(V) < oo and [i\U is homeomorphic to v\V , then fj, is homeomorphic to v 
if and only ifWl and 91 (with the induced topologies) are homeomorphic. 

Proof. Let 7 = n(U) = f{V). Since fi\U is homeomorphic to v\V , we have 
S([i\U) = S(v\V). Since fi and v are good, we have S(fi) D [0,7] = S^) n [0,7] by 
Proposition 12.31 Since S(/j,) and S(v) are group-like, we obtain S(fi) = S(v). ■ 

Theorem 2.10. Let fx G M°(X) be a good measure on a non-compact locally com- 
pact Cantor set X . Then the compact open values set S(/j.) is group-like and the 
defective set ^01^ is a locally compact, zero- dimensional, metric space (including 0j. 

Conversely, for every countable dense group-like subset D of [0, 1) ; there is a 
good probability measure n on a non-compact locally compact Cantor set such that 
S(fi) = D. For every countable dense group-like subset D of [0, 00) and any locally 
compact, zero- dimensional, metric space A (including A = there is a good non- 
defective measure [i on a non-compact locally compact Cantor set such that S(n) = D 
and 9Jt M is homeomorphic to A. 
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Proof. The first part of the theorem follows from Propositions 12.11 12.31 

We prove the second part. First, consider the case of finite measure. Let D C 
[0, 1) be a countable dense group-like subset. Then there exist a strictly increasing 
sequence {7nK£Li C D such that linij^oo j n = 1. For n = 1, 2, ... set 5 n = j n — 7 n -i- 
Denote by S n = D n [0,S n ]. Then D n = f(Dn [0,5 n ]) is a group-like subset of 
[0, 1] with 1 G D„. In [2], it was proved that there exists a good probability measure 
fj, n on a Cantor set X n such that S(ii n \x n ) = -Dn- The measure u n = S n fj, n is a 
good finite measure on X n with S^nlx™) = O fl [0, 5 n ]. Set X = |J^Li X n and let 
M|x n = v n- Then is a good probability measure on a non-compact locally compact 
Cantor space X and = -D. 

Now consider the case of infinite measure. Let 7 G D. Since D C [0, 00) is 
group-like, we see that n [0,1] is a group-like subset of [0,1]. In [2] it was 
proved that there exists a good probability measure il\ on a Cantor space Y with 
S(fi\) = n [0,1]. Set fi = 7/^1. Then ll is a good finite measure on 1" and 
S(li) = D D [0,7]. Endow the set Z with discrete topology. Let z/ be a counting 
measure on Z. Set I = 7xZ and Jl = fi X u. Then, by Theorem 12.41 Jl is good 
with S(p) = D and % = 0. 

Suppose ^4 is a non-empty compact zero-dimensional, metric space. Then, by 
Theorem 2.15 (|13j). there exists a good non-defective measure \x on a Cantor space 
Y" such that S(fi) = D and 9Jt^ is homeomorphic to A. By the above, there exists a 
good locally finite measure v on a non-compact locally compact set X with 5 , (i^) = D 
and SDty = 0. Set Z = Y U X and /2|y = Ji\x = v. Then ju is good on a non- 
compact locally compact Cantor set Z with S(fi) = D and SDT^ is homeomorphic to 
A. 

Suppose that A is a non-empty, non-compact, locally compact, zero-dimensional 
metric space. Then A = A n where each A n is a non-empty, compact, zero- 

dimensional metric space. By Theorem 2.15 (|13|). for every n = 1,2, ... there exists 
a good non-defective measure \i n on a Cantor set Y n such that S(fx n ) = D and 3Jl Atn 
is homeomorphic to A n . Set X = U^L]^ i^i an d Ai|y n = \i n - Then /x is good on a non- 
compact locally compact Cantor set X with S(jx) = D and SOt^ is homeomorphic to 
A. m 

Corollary 2.11. Let D be a countable dense group-like subset of [0, 00). Then there 
exists an aperiodic homeomorphism of a non-compact locally compact Cantor set 
with good non- defective invariant measure Jl such that S(J1) = D. 

Proof. We use the construction similar to the one in the proof of Theorem 12.101 
Let n be a good measure on a Cantor set Y with S(fi) = D fl [0, 7] for some 7 G D. 
Let v be a counting measure on Z. Set fi = /iXi/onI = FxZ. Then Jl is a 
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good non-defective measure on a non-compact locally compact Cantor set X with 
S{p) = D. Since the measure fj, is a good finite measure on Y, there exists a 
minimal homeomorphism T: Y —> Y such that ^ is invariant for T (see [2]). Let 
Ti(ic, n) = (Tx, n + 1). Then T\ is aperiodic homeomorphism of X. The measure ju 
is invariant for T\. ■ 

Remark 2. The measure ju built in Corollary 12. Ill is invariant for any skew-product 
with the base (Y, T) and cocycle acting on Z. 

Theorem 2.12. Lei X be a non-compact locally compact Cantor set. Then there ex- 
ist continuum distinct classes of homeomorphic good measures in Mf(X). There also 
exist continuum distinct classes of weakly homeomorphic good measures in M^ C (X). 

Proof. There exist uncountably many distinct group-like subsets {D a } ae ^ of [0, 1]. 
By Theorem 12.101 for each D a there exists a good probability measure fi a on X 
such that S(fj, a ) = D a . By Theorem 12.61 the measures {/J, a }aeA are pairwise non- 
homeomor phic . 

Let Y be a compact Cantor set. Let /ibea non-defective measure on Y. Denote 
by \p] the class of weak equivalence of \x in the set of all non-defective measures 
on Y . There exist continuum distinct classes [fi a ] of weakly homeomorphic good 
non-defective measures on a Cantor set Y (see Theorem 2.18 in |13j). Moreover, 
if there exists C > such that G(S(fi a )) = CG{S{^ip)) then fj,p € \p a ]- Let v be 
a counting measure on Z. Then, by Theorem 12.41 \x a x v is a good measure on 
a non-compact locally compact Cantor set Y x Z and G(S(fi a x v)) = G(S(/j, a )). 
Hence, by Corollary 12.71 the measures /i a X v and x v are weakly homeomorphic 
if and only if fip E \pa\- ^ 

Proposition 2.13. If fi is Haar measure for some topological group structure on a 
non-compact locally compact Cantor space X then n is a good measure on X. 

Proof. The ball B centered at the identity in the invariant ultrametric is a compact 
open subgroup of X. Since \i is translation- invariant, by Proposition 12.31 h suffices 
to show that [i\b is good for every such ball B. Since the restriction of fi on B is a 
Haar measure on a compact Cantor space, h\b is good by Proposition 2.4 in [3]. ■ 

3 From measures on non-compact spaces to measures 
on compact spaces and back again 

Let X be a non-compact locally compact Cantor space. A compactification of X is a 
pair (Y, c) where Y is a compact space and c : X — > Y is a homeomorphic embedding 
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of X into Y (i.e. c: X — > c{X) is a homeomorphism) such that c(X) = Y, where 
c(X) is the closure of c(X). In the paper, by compactification we will mean not only 
a pair (Y, c) but also the compact space Y in which X can be embedded as a dense 
subset. We will denote the compactifications of a space X by symbols cX, ojX, etc., 
where c, u are the corresponding homeomorphic embeddings. 

Let \i, £ M°(X). We will consider only such compactifications cX that cX 
is a Cantor set. Since c is a homeomorphism, the measure [i on X passes to a 
homeomorphic measure on c(X). Since we are interested in the classification of 
measures up to homeomorphisms, we can identify the set c(X) with X. Hence 
X can be considered as an open dense subset of cX. The set cX \ X is called 
the remainder of compactification. As far as X is locally compact, the remainder 
cX \ X is closed in cX for every compactification cX (see [II]). Since X = cX, the 
set cX \ X is a closed nowhere dense subset of cX. 

Compactifications c\X and c 2 X of a space X are equivalent if there exists a 
homeomorphism /: c\X — > c 2 X such that fc\(x) = c 2 (x) for every x € X. We shall 
identify equivalent compactifications. For any space X one can consider the family 
C(X) of all compactifications of X. The order relation on C{X) is defined as follows: 
C2X < c\X if there exists a continuous map /: c\X — > c 2 X such that fc\ = C2. 
Then we have /(c x (X)) = c 2 (X) and /(ci-X \ ci(X)) = c 2 X \ c 2 (X). 

Theorem 3.1 (The Alexandroff compactification theorem). Every non-compact lo- 
cally compact space X has a compactification loX with one-point remainder. This 
compactification is the smallest element in the set of all compactifications C(X) with 
respect to the order <. 

The topology on uX is defined as follows. Denote by {00} the point ojX \ X. 
Open sets in ojX are the sets of the form {00} U (X \ F), where F is a compact 
subspace of X, together with all sets that are open in X. 

For any Borel measure v on the set cX \ X with the induced topology, Jl = fi + u 
is a Borel measure on cX such that Jl\x = A*- Since the aim of compactification is 
the study of a measure /jona locally compact set X, we will consider only such 
extensions Jl on cX that ^{cX \ X) = 0. 

Lemma 3.2. Let X be a non-compact locally compact Cantor set and fi G M°(X). 
Let c\X, C2X be the compactifications of X such that c\X < ciX. Denote by \i\ the 
extension of /i on c\X and by [l<i the extension of fi on c^X. Then S(/i) C S(^ii) C 

Proof. Since c\X < c 2 X, there exists a continuous map /: c 2 X — > c\X such that 
f(c 2 X \ X) = c\X \ X and fc 2 [x) = c\[x) for any x G X. Since / is continuous, 



12 



it suffices to prove that / preserves measure, that is Hi(V) = ^2{f~ l (V)) for any 
compact open V C X. Recall that we can identify Ci(X) with X. Hence we can 
consider / as an identity on X C C{X and / preserves measure. That is, for every 
compact open subset U of X we have [J,(U) = Hi{U) = n%(JJ). Hence S(fi) C S(fXi). 
Since fi(ciX\X) = 0, the measure of any clopen subset of C{X is the sum of measures 
of compact open subsets of X. Hence the measures of all clopen sets are preserved. 
Thus, S(fi{) C 5 , (/x 2 ). ■ 

Remark 3. We can consider the homeomorphic embedding of a set X into a non- 
compact locally compact Cantor set Y such that fj,(Y \ X) = 0. Then, by the same 
arguments as above, the inclusion S(/i\x) Q 5*(/x|y) holds. 

Theorem 3.3. Let X be a non-compact locally compact Cantor set and \x G M°(X) 
be a good measure. Let cX be any compactification of X. Then \i is good on cX if 
and only if S(n\ cX ) n [0, /jl(X)) = S(jj,\x)- 

Proof. First, we prove the "if" part. Let V be a clopen set in cX. Consider 
two cases. First, let V D (cX \ X) = 0. Then V is a compact open subset of X. 
Since \i is good on X and S(fJ,\ c x) H [0,/jl(X)) = S(fj>\x), we see that V stays good 
in cX. Now, suppose that V (~l (cX \ X) ^ 0. Then V n X is an open set and 
(J,(V) = /j,(V fl X) = /u(|J^L 1 V n ) where each V n is a compact open set in X. Let 
U be any compact open subset of X with fM(U) < n(V). Then there exists N € N 
such that n(U) < /^(|Jn=i ^n)- The set Z = Ll n =i ^ ^ s a compact open subset of 
X. Since 5(/x| c x)n [0, fJ>(X)) = S(fi\x), we have //(f7) € Since /x is good on 

X, there exists a compact open subset W C Z such that //(W) = n(U). 

Now we prove the "only if" part. Assume the converse. Suppose that [i is 
good and the equality does not hold. Then there exists 7 € (0,fj,(X)) such that 
7 G 5(/x| c x) \ 5(/i|x)- Since S(/jl\x) is dense in (0, fj,(X)), there exists a compact 
open subset U C X such that //([/) > 7. Hence 7 G 5(/x| c x) H [0, //([/)] and 
7 Thus J7 is not good and we get a contradiction. ■ 

Remark 4. By Proposition 12.14 tlie- set X \ 9Jt M is a non-compact locally compact 
Cantor set and X \ 9JT M = X. Thus, the set X \ Wl^ can be homeomorphically 
embedded into X and then into some compactification cX. After embedding X\97t^ 
into X, we add only compact open sets of infinite measure. Hence if [i was good 
on X \ 971^, it remains good on X and S^i^x^m^) = S(/j,\x)- We can consider X 
as a step towards compactification of X \ 9Jt M and include SDT^ into cX \ X. The 
measure [i G M°(X) is locally finite on X \ OJt^, so we can consider only locally 
finite measures among infinite ones. 
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If fjL is not good on a locally compact Cantor set X then clearly [i is not good 
on any compactification cX . 

Corollary 3.4. Let \i be a good infinite locally finite measure on a non-compact 
locally compact Cantor set X . Then fi is good on ujX. 

Proof. By definition of topology on ujX, the "new" open sets have compact com- 
plement. Since \i is locally finite on X, the measure of compact subsets of X is 
finite. Hence the measure of each new clopen set is infinite. By Theorem 13. 3} \i is 
good on ujX. ■ 

Theorem 3.5. Let fj, be a good measure on a non-compact locally compact Cantor 
set X. Then for any 7 G [0,fi(X)) there exists a compactification cX such that 
7 G S(ji\cx)- 

Proof. The set S(fi\x) is dense in [0,/i(X)). Hence for every 7 G [0, fi(X) there 
exist {^/ n \ ( ^L 1 C S(n\x) such that lim n _ s . 00 7 n = 7. Since fj, is good, there exist 
disjoint compact open subsets {U n }^ =1 such that fJ-(U n ) = j n . Then U = [_\'^' = i U n 
is a non-compact locally compact Cantor set. Consider the compactification cX = 
ujU U c(X \ U), where c(X \ U) is any compactification of X \ U. Then ujU is a 
clopen set in cX and fi(ujU) =76 S(/j,\ c x)- B 

From Theorems 13.31 13.51 the corollary follows: 

Corollary 3.6. For any measure /i on a non-compact locally compact Cantor space 
X there exists a compactification cX such that [i is not good on cX. 

If a measure fi € M°(X) is a good probability measure then, by Theorem 13.31 
the measure [i is good on cX if and only if S(fi\ c x) = S(fi\x) U {1}. 

Proposition 3.7. Let X be a non-compact locally compact Cantor set and \x € 
Mf(X). If there exists a compactification cX such that S(/j,\ c x) = S(fi\x) U {1} 
then 1 € G(S(fi\ x )). 

Proof. Let 7 G 5(//| c x)n(0, 1). Since the complement of a clopen set is a clopen set, 
we have 1 - 7 € S(fi\cx)- Since S(fJ,\ c x) = S(fi\x) U {1}, we have 7, 1 - 7 G S(fi\x)- 
Hence 1 G G(S(n\ x )). ■ 

Thus, if 1 G(S(fJ,\x )) then for any compactification cX the set ) cannot 

be preserved after the extension. The examples are given in the last section. 
The corollary follows from Proposition 13.71 and Theorem 13.31 

Corollary 3.8. Let \i be a probability measure on a non-compact locally compact 
Cantor set X and 1 G" G(S(p\x))- Then for any compactification cX of X, fj, is not 
good on cX . 
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Theorem 3.9. Let n be a good probability measure on a non-compact locally compact 
Cantor set X. Then fi is good on Alexandroff compactification uX if and only if 
1 G G{S(ji\ x )). 

Proof. By Proposition ^. 7l and Theorem l3,3t if \i is good on ujX then 1 G G(S(fi\x))- 
Suppose fjL is good on X and 1 G G(S(fj,\x))- Since /i is good, any compact 
open subset of fi is good, hence for every compact open U C X we have fJ,(U) = 
G(S(fi\x)) H [0, n(U)] = S(fj,) n [0, n(U)]. Every clopen subset of uX has a compact 
open subset of X as a complement. Hence for every clopen V C ujX we see that 
H(V) = l-n(X\V)€ G(S(jjt\ x )) n (0, 1) = S(jjt\ x ). So, S(mU) = u {1}. 

Hence /i is good on wl by Theorem 13.31 ■ 

For a Cantor set Y denote by M (Y) the set of all either finite or non-defective 
measures on Y (see [E]). Since an open dense subset of a Cantor set is a locally 
compact Cantor set, the corollary follows: 

Corollary 3.10. Let Y be a (compact) Cantor set and measure \x G M°(Y). Lei 
X C 7 lie an open dense subset of Y of full measure. If fi is good on Y then fi is 
good on X. 

Proof. The set X is a locally compact Cantor set and Y is a compactification of 
X. Any compact open subset U of X is a clopen subset of Y and all clopen subsets 
of U are compact open sets. Thus, a /i|y-good compact open set in X is, a fortiory, 
^,|x-good. ■ 

Thus, the extensions of a non-good measure are always non-good. The corollary 
follows from Lemma 13.21 Theorem 13.31 and Corollary 13.101 

Corollary 3.11. Let X be a non-compact locally compact Cantor set and fi G 
M (X). Let c\X, C2X be compactifications of X such that c\X > c^X. Let \i 
be good on c\X. Then fi is good on C2X. Moreover, if fj, G Mf(X) then fi\ Cl x is 
homeomorphic to /J>\ C2 x- 

Remark 5. Recall that Alexandroff compactification ujX is the smallest element in 
the set of all compactifications of X. Hence, if fi is not good on ojX then \x is not 
good on any compactification cX of X. 

The following theorem can be proved using the results of Akin [2j for measures 
on compact sets. 

Theorem 3.12. Let X , Y be non- compact locally compact Cantor spaces, and [/, G 
Mj(X), v G Mj(Y) be good measures such that their extensions to ujX, ujY are 
good. Then fj,\x and v\y are homeomorphic if and only if S(fj,\x) = S(v\y). 
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Proof. The "only if" part is trivial, we prove the "if" part. Since n\ w x an d v \ ojY 
are good by Theorem 13.31 we have S((J,\ u x) = S(u\ u y)- Denote by xq = ujX \ X 
and yo = ojY \Y. By Theorem 2.9 [2], there exists a homeomorphism /: ojX — > ujY 
such that = v and f(xo) = yo. Hence f(X) = Y and the theorem is proved. ■ 

In Example 1, we present a class of good measures on non-compact locally com- 
pact Cantor sets such that these measures are not good on the Alexandroff com- 
pactifications. Thus, these measures are not good on any compactification of the 
corresponding non-compact locally compact Cantor sets. 



4 Examples 

Example 1 (Ergodic invariant measures on stationary Bratteli diagrams). Let B 
be a non-simple stationary Bratteli diagram with the matrix A transpose to the 
incidence matrix. Let [i be an ergodic ^-invariant measure on B (see [61 113]). 
Let a be the class of vertices that defines \x. Then \i is good as a measure on a 
non-compact locally compact set X a . The measure /U on X a can be either finite 
or infinite, but it is always locally finite. The set Xb is a compactification of X a . 
Since /i is ergodic, we have h(Xb \ X a ) = 0. In [61 [13] the criteria of goodness for 
probability or non-defective measure ji on Xb were proved in terms of the Perron- 
Frobenius eigenvalue and eigenvector of A corresponding to \i (see Theorem 3.5 [B] 
for probability measures and Corollary 3.4 [13] for infinite measures). It is easy to 
see that these criteria are particular cases of Theorem 13.31 

We consider now a class of stationary Bratteli diagrams and give a criterion when 
a measure \x from this class is good on the Alexandroff compactification uoX a . Fix 
an integer N > 3 and let 

/2 0' 
F N = IN 1 

be the incidence matrix of the Bratteli diagram B^. For An = we easily 
find the Perron-Frobenius eigenvalue A = N + 1 and the corresponding probability 
eigenvector 

1 N - 1 N - 1 
x = I — 



N' 2N 1 2N 

Let fjjjsi be the measure on Bn determined by A and the eigenvector x. The measure 
UN is good on uX a if and only if for there exists R E N such that N _i is an 
integer. This is possible if and only if N = 2 k + 1, k G N. For instance, the measure 
UN is good on ujX a for = 3, 5 but is not good for N = 4. Note that the criterion 
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for goodness on uX a here is the same as for goodness on Xb- This example is a 
particular case of more general result (the notation from [6] is used below): 

Proposition 4.1. Let B be a stationary Bratteli diagram defined by a distinguished 
eigenvalue A of the matrix A = F T . Denote by x = {x\, ...,x n ) T the corresponding 
reduced vector. Let the vertices 2, . . . , n belong to the distinguished class a corre- 
sponding to ll. Then ll is good on Xb if and only if li is good on uoX a . 

Proof. By Theorem 13.11 and Corollary I3.1H if li is good on Xb then fi is good on 
LdX a . We prove the converse. By Theorem 3.5 in [6] and Theorem 13. 9} it suffices to 
prove that 1 G G(S(/j,\x a )) only if there exists R G N such that X R x\ G H(x2, ...,x n ). 
Note that G(S(fi\x a )) = (Ujv=o a^-^X^ 2 ' ■■■■> x n)), where H(x2, ■■■,x n ) is an additive 
group generated by X2, ■■■,x n . Suppose that 1 G G(S(Li\x a ))- Since Yli=i Xi = ■"■> we 
see that x\ € G(S(fJ,\x ot )), hence there exists R G N such that X R x\ G H(x2, —,x n ). 

m 

Return to a general case of ergodic invariant measures on stationary Bratteli 
diagrams. If ll is a probability measure on X a and S(fx\x a ) U {1} = S(ll\x b ) then, 
by Lemma l3.2( we have S(fj,\uX a ) = S(ll\x b ). By Theorem 13. 3} the measure li is 
good on ojX a . Hence Lt\uiX a is homeomorphic to ll\x b (see [2]). If li is infinite, then 
the measures Lt\uiX a arid li\x b are not homeomorphic since 9Jt/i| wX is one point and 
Tl^ Xg is a Cantor set (see [T3]). 

Example 2. Let X be a Cantor space and ll be a good probability measure on X 
with S{p) = {§r ■ m G Nfl [0, 2 n ],n G N} (for example a Bernoulli measure f3{\, -)). 
Clearly, /j, n = ^li is a good measure for n G N with S(/J, n ) = ^S(li) C S(ll). Let 
{X ra , /i n }^ =1 be a sequence of Cantor spaces with measures fx n . Let A = U^Li be 
the disjoint union of X n . Denote by v a measure on j4 such that v\x n = Mn- Then 
v is a good measure on a locally compact Cantor space A with 5(^) = S(fi) PI [0, 1). 

Consider the one-point compactification ojA and the extension v\ of v to wA. 
We add to S(u) the measures of sets which contain {oo} and have a compact open 
complement. Hence we add the set r = {1 — 7 : 7 G S(v)}. Since T C S(v) U {1}, 
we have S(vi) = S(v) U {1}. By Theorem 13. 3| the measure v\ is good on uiA. 

Consider the two-point compactification of A. Let A = A\ U A2 where 
Ai = |Jfcli^2fc-i and A2 = Ujt=i^2j- Then cA = ujA\ U L0A2 is a two-point 
compactification of A. Let V2 be the extension of v to cA Then V2^A\) = | G" 5'(i / ). 
Hence, by Theorem 13.31 the measure V2 is not good on cA. 

In the same example, we can make a two-point compactification which preserves 
S^j^). Since [i n is good for n G N, there is a compact open partition Xn^ Ulf = 
X n such that Mnpd ) = for i = 1,2. Let B< = U^Li^n f o r » = 1,2. 
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Consider cA = ujB\ U ojBi- Then it can be proved the same way as above that 
S{y\ ZA ) = S(u\ A ) U {1}. 

Example 3. Let \i = /3(|,|) be a Bernoulli (product) measure on Cantor space 

Y = {0, 1} N generated by the initial distribution p(0) = p(l) = |. Then // is not 
good but 5(/x) = {^r : a G N n [0,3 n ],n € N} is group-like (see [1]). Let X be any 
open dense subset of Y such that fi(Y \ X) = 0. Thus, Y is a compactification of a 
non-compact locally compact Cantor space X and \x extends from X to Y . Then \x 
is not good on X. 

The compact open subsets of X are exactly the clopen subsets of Y that lie in 
X. The compact open subset of X is a union of the finite number of compact open 
cylinders. Consider any compact open cylinder U = {ao, a n , *} which consists of 
all points in z G Y such that z% = a* for < i < n. Then U is a disjoint union of two 
subcylinders V% = {ao, a n , 0, *} and V2 = {ao, a n , 1, *} with /i(T^) = 2//(Vi). 
Let the numerator of the fraction ju(Vi) be 2 k . Then the numerator of the fraction 
//(V2) is 2 fe+1 . Moreover, for any compact open W C V2 the numerator of the fraction 
H(W) will be divisible by 2 k+1 . Since S(p) contains only finite sums of measures of 
cylinder compact open sets and the denominators of elements of S(n) are the powers 
of 3, there is no compact open subset W C V2 such that [a(W) = /u(Vi). Hence \i is 
not good on X. 

Moreover, let x = {00...} be a point in Y which consists only of zeroes. Then 
S(h\y\{x}) £ s (.v\y) while S(fi\ Y \{ y }) = S(fi\ Y ) for any y + x. 

Consider the case y 7^ x. Let, for instance, y = {111....}, all other cases are 
proved in the same way. Let U n = {z € Y : zq = ... = z n -\ = l,z n = 0}. Then 

Y \ {y} = \Jn=l U n U {0*}. Denote by S N = KUn=i U n) and S = 0. Then 
lmiTv-s-oo Sn = §• Let G = {^ : a G Z, n G N}. Then G is an additive subgroup of 
reals and S(/j\y) = G fl [0, 1]. We prove that S{n\Y\{ y }) = GC\ [0, 1), i.e. for every 
n G N and a = 0, 3 n — 1 there exists a compact open set W in F \ {y} such that 

= #r- Indeed, we have S(/x| {0 * } ) =Gfl[0, |] and [0, 1) = U™ =0 [S N , S N + |]. 
Hence Gn[0, 1) = U~ (Gn [5jv, 5V + §]). For every 7 G G there exists AT G N such 
that 7 G {Sn,Sn + §]• There exists a compact open subset Wo of {0*} such that 
fj.(Wo) = 7 — SV. Set W = Un U Wo- Then W is a compact open subset of Y \ {y} 
and n(W) = 7. 

Now consider the set Y \ {x}. Every cylinder that lies in Y \ {x} has even 
numerator, hence S(/j,\y\{ x }) £ S(fi\y). It can be proved in the same way as above 
that S(n\y\ {x} ) = {§ : k G N} n [0, 1). 

Example 4 ((G, ^-construction). Denote by \A\ the cardinality of a set A. Given 
two subsets E, F C Z, by E 1 + F we mean {e + /|e G E, f G i 7 } (for more details 
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see [8112]). Let {F n }™ =1 , {C n }~ =1 C Z such that for each n 

(1) |F n | < OO, \C n \ < OO, 

(2) |C n | > 1, 

(3) F n + C n + {-1,0,1} C%, 

(4) (F n + c) fl (F n + c') = for all c ^ c' G C n+ i. 

Set X n = F„ x Y\ k>n Ck and endow X„ with a product topology. By (1),(2), 
each X n is a Cantor space. 

For each n, define a map « n ,n+i : -^n ~~ > -Xn+i such that 

V+l(/ni Cn+l) C n +2, •••) = (/n + C„+i, C n+ 2, ...)• 

By (1), (2) each 

in,n+i is a well defined injective continuous map. Since X n is 
compact, we see that i n) „+i is a homeomorphism between X n and i„ >n+ i(X„). So 
the embedding i n , n +i preserves topology. The set i ntn+ i(X n ) is a clopen subset of 
X n+ i. Let i m)n : X m ->■ X n such that i m) „ = i n ,n-l ° *n-i,n-2 ° ••• »m+i,m f° r 
m < n and i n n = id. Denote by X the topological inductive limit of the sequence 
{X n ,i n ,n+i)- Then X = U^Li^n- Since i m>n = i n ,n-i ° i n -l,n-2 ° ■■■ im+i,m for 
m < n, we can write X\ C X2 C ... The set X is a non-compact locally compact 
Cantor set. The Borel cr-algebra on X is generated by cylinder sets [A] n = {x G 
X : x = (f n , c n+ i, c n+ 2, •••) G X n and / n G ^4}. There exists a canonical measure 
on X. Let k„ stand for the equidistribution on C n and let v n = r^A on F n . 
The product measure on X n is defined as fi n = v n x K n +i x K n+ 2 x ••• an d a a-finite 
measure /i on X is defined by restrictions fJ>\x n = /%■ The measure fj, is a unique up 
to scaling ergodic locally finite invariant measure for a minimal self-homeomorphism 
of X (for more details see [SJ [§] ) . For every two compact open subsets U, V C X 
there exists n G N such that U,V <Z X n . The measure ^ is obviously good, since the 
restriction of onto X n is just infinite product of equidistributed measures on F n 
and C m , m > n. We have S(fi) = { mVj : a, n G N} n [0,£t(X)). 

Example 5. Let p be a prime number and Q p be the set of p-adic numbers. Endowed 
with the p-adic norm, the set Q p is a non-compact locally compact Cantor space. 
Then the Haar measure \i on Q p is good and S(fi) = {np 7 |n G N, 7 G Z}. 
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